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The Bethe stopping-power theory is considered in the context of heavy target atoms in which the
relativistic effects of the target electrons are partially accounted for within the semirelativistic and
independent-particle description. Numerical results show that, for target elements with large atom-
ic numbers, these relativistic effects can become comparable with other corrections such as the shell
correction, the Barkas effect, and the Bloch term.
The result from the Bethe stopping-power theory' for
heavy incident particles can usually be expressed as fol-
lows:
dE 4~z2e4 2m yNZ lndx mv2 I
where ze and Ze are, respectively, the charge of the in-
cident particle and the target atom, v =/3c is the velocity
of the incident particle, N the number density and I the
mean excitation energy of the target atoms, and m is the
mass of the electron. It is well known that while Eq. (1)
can be applied to case of high-energy projectiles, it is nev-
ertheless restricted for nonrelativistic target atoms in the
sense that the target-atom wave functions must be eigen-
functions of the Schrodinger equation for the many-
electron system. The difficul in extending Eq. (1) to in-
clude the relativistic eff'ects of the target electrons (which
are important for heavy target elements) lies of course in
its derivation in which the nonrelativistic sum rules have
been applied. This includes the Thomas-Reiche-Kuhn
(TRK) sum rule for dipole oscillator strength as well as
the Bethe sum rule for the generalized oscillator strength
of the target atoms. This problem has been recognized as
early as the mid 1960s by Fano, and not much progress
has since been made due to the fact that the generaliza-
tion of various sum rules to the relativistic domain is not
a trivial task as already noted by Pano.
In recent years, however, due to the fundamental and
simple nature of the sum-rule approach, there has been
much effort in extending it to include relativistic
effects and applications to various phenomena such as
in the analysis of anomalous x-ray scattering data has
been made. ' The usual methods for such relativistic
generalization include the semirelativistic, the
projection-operator, and the field-theoretic approach.
The key point here is to get rid of the negative-energy
states of the atomic system and still maintain complete-
ness for the atomic wave functions.
It is the purpose of this Report to apply our previous
result for the relativistic correction to the Bethe sum
rule to study the effects on the Bethe stopping-power
theory due to the relativistic nature of the electrons for
heavy target elements. Since most of the previous re-
sults have been derived only for a one-electron system,
our application here can only be justified in the limit of
the independent-particle, local-potential description for
the many-electron atoms, an apparent oversimplified pic-
ture which has been found to be reasonably good in a pre-
vious analysis of the x-ray scattering data where the TRK
sum rule has been applied. ' In any case, our result here
can at least yield an estimate and a trend for such relativ-
istic effects of the target atoms. We shall restrict our-
selves to work only in the case of a nonrelativistic incom-
ing particle in this Report.
For nonrelativistic incident particles, the Bethe theory
gives
dE
GX
' ' xz J™xd~~M~'
mv &min Q
where ~M~ is the sum of the generalized oscillator
strength given by
zq',
2m
(4)
together with the results Aq;„=I/v and Aq, „=2mv,
Eq. (2) finally leads to (with Q =q /2m)
dE 4m.z e 2mv
z
NZ ln
mv~
which identifies the nonrelativistic limit of Eq. (1) when
P ~0. Previously, we have obtained the corrections to
Eq. (4) for a one-electron system to order (Za) in the
form'
4 10q
8 3 ' 3
+
where a is the Bohr radius. Employing the virial
theorem, this result can be rewritten in terms of the
ground-state binding energy (E„,(0) of the atom as'o
g4 4Aq 5 Aq (7)6 mc
Incorporating the result in Eq. (7) (in the independent-
IMI =Z n Ze 'Ol (z„—eo).
n i=1
For nonrelativistic target atoms, the Bethe sum rule
yields'"
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TABLE I. Comparison of various corrections to the Bethe theory.
Target
element
(z)
Al (13)
CU (29)
Ag (47)
Au {79)
1(eV)'
164
317
469
770
IE„,
~
(MeV)'
6.6x10 '
4.5 x10-'
1.S x lo-'
5.2x10-'
5.4x 10-'
1 3x10-'
2.2 x10-'
3.7X 10
C/Z'
2.3 x10-'
2.8 x10-'
2.9x10-'
2.2X10 '
zL, '
1.1 X 10
8.8 x 10-'
1.1x10-'
9.8X 10
z2L c
2.2 x10-'
1.7 x10-'
2. 1 X 10
1.8 x10-'
'Reference 14.
Reference 16.
'Experimental values from Ref. 13.
particle and local-potential limit' ) into Eq. (4) and rear-
ranging terms, one obtains L (u)=ln 2' vI —b, ~ —CIZ +zL, zL~,— (13)
Z 2 1 5 ~o~ 1 fiq
2
2m 3 Z~c 4 mc
2
with the relativistic correction term defined by
Substituting Eq. (8) into Eq. (2), one finally obtains the
relativistic corrections to the Bethe stopping-power for-
mula in the form
r
S 2mu'
h~ =—ln Zmc' ' (14)
dE
dx
dE
dx
5 tot
Zvl C
ze
max minAv
The last term can easily be shown to be negligible for
nonrelativistic incident particles plus the fact that the
mean excitation energy I ~mv for most target atoms.
Hence, our first-order correction to the Bethe formula
will simply include a modification factor which can be ex-
pressedd
as
dE
I
dx
dE
dx 0
1 + 5 tot
Zt7l C
(10)
Combining with Eq. (5), Eq. (10) can be rewritten in the
following form:
dE
dx
4 2 4 XZL (u),
mv
where
L (u) =ln 277l UI
5 tot
Zmc
(12)
On the other hand, it is known that there exists many
other corrections to the original Bethe theory such as the
shell corrections ( —C/Z), the Barkas ( -z), and the
Bloch ( —z ) correction terms. ' ' Incorporating all
these, Eq. (12) can more generally be expressed as'
with the quantities hz, C, L&, and L2 being positive.
Note that if one adopts a Z dependence of ~E„, ~ as
~E„,~ -Z, ' Eq. (14) leads to b, ~ -Z . Since
~E„, ~ &(mc for light elements, we expect that the effect
in Eq. (14) will be significant only for heavy elements,
provided that it is not outweighed by the increasing
values of I and Z for heavy target atoms. Furthermore,
Eq. (14) shows that b,z increases with the energy of the
incident particles while the other corrections (C/Z, zL&,
and z L2) are expected to vanish at high incident ener-
gies, ' ' hence we expect that 6& will be most significant
for very heavy target elements and with energetic in-
cident particles. Table I shows a comparison of these
correction terms for various target elements with incident
protons at an energy equal to 2 MeV. It is clear that
while the relativistic e6'ect is small at this incident ener-
gy, it becomes at least comparable to the Barkas and the
Bloch terms for light incident particles such as proton
and for heavy target elements such as gold. We have in-
vestigated this eftect with the increase of incident energy
for up to 50 MeV for protons and have found that at suck
energies A~ becomes comparable to the shell corrections
and predominates over the Barkas and Bloch terms (e.g. ,
for 50 MeV, Az =0.106 and C/Z =0.112 for gold while
both zL& and z Lz are completely negligible). To con-
clude, we want to stress that for very high incident ener-
gies at which the shell, Barkas, and Block corrections are
all expected to vanish, the present relativistic effect will
manifest itself significantly for heavy target elements, al-
though it might be necessary to adopt a relativistic treat-
ment for the incident particle in such cases.
The author thanks P. Y. Feng for very useful discus-
sions.
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